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Abstract 

This is primarily a survey of the way in which Hopf cyclic cohomology 
has emerged and evolved, in close relationship with the application of 
the noncommutative local index formula to transverse index theory on 
foliations. Being Diff-invariant, the geometric framework that allowed 
us to treat the 'space of leaves' of a general foliation provides a 'back- 
ground independent' set-up for geometry that could be of relevance to 
the handling of the the background independence problem in quantum 
gravity. With this potential association in mind, we have added some 
new material, which complements the original paper and is also meant 
to facilitate its understanding. Section 2 gives a detailed description 
of the Hopf algebra that controls the 'affine' transverse geometry of 
codimension n foliations, and Section 5 treats the relative version of 
Hopf cyclic cohomology in full generality, including the case of Hopf 
pairs with noncompact isotropy. 
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Introduction 



Coincidentally, or perhaps as a reflection of "ontogeny recapitulates phy- 
togeny" in the world of mathematical ideas, the brand of cyclic cohomology 
related to Hopf algebras came about in a strikingly similar fashion to cyclic 
cohomology itself, both being motivated by the index theory of abstract el- 
liptic operators, at successive stages. 

The original impetus for the development of cyclic cohomology (as enunciated 
in [3], see also [22], and presented in jlj), was to construct invariants for K- 
theory classes that perform the function of the classical Chern-Weil theory in 
the general framework of operator algebras. Starting from the index pairing 
between the ^-homology class of a p-summable Fredholm module 7, F) 
and the i^-theory class [e] G Kq{A) of an idempotent in an involutive algebra 
A C £(£)), in the graded case to fix the ideas, 

Index(eF + e) = (-l) n Tr( 7 e[F, e] 2n ) , V2n>p>l, (0.1) 

one arrived, by regarding de = i[F, e] as a 'quantized' differential, to the 
multilinearized form of the right hand side, 

r F (a°,a\...,a 2n ) = Tr ( 7 a°[F, a 1 ] . . . [F, a 2 "]) , (j e A, (0.2) 

that turned out to encode the quintessential features of the cyclic cohomology 
theory for algebras. 

The non-additive category of algebras and algebra homomorphisms was re- 
placed in [5] by the additive category of modules over the cyclic category 
A, allowing the realization of cyclic cohomology as an Ext functor. This 
enlargement of the scope of the theory played an essential role years later, 
when the authors were faced with the formidable looking task of concretely 
computing in the geometrically interesting case of foliations the 'theoretical' 
answer provided by the universal local index formula jS]. The gist of that 
formula is that, in the unbounded version of the index pairing ()0.1|) . it re- 
places the 'global' cocycle ()0.2|) by a universal finite linear combination of 
'local' cocycles of the form 

0(a°, . . . , a m ) = -fa°[D, a 1 ]™ ...[£>, a m ] (fcm) |£>|-("«+2|k|) , (0.3) 
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where T^ k > stands for the feth iterated commutator of the operator T with 
D 2 and J- is an extension of the Dixmier trace given by residues of spectral 
zeta-functions. 

In the case of transversely hypoelliptic operators on foliations, algebraic ma- 
nipulations with the commutators appearing in (j( 1.3)1 led to the emergence of 
the Hopf algebra TC n , that plays for the transverse frame bundle to a foliation 
the role of the affine group of the frame bundle to a manifold. 

Recognizing the cyclic module structure associated to the Hopf algebra Ti, n , 
and intrinsically related to the 'characteristic' cochains (j().3j) . provided pre- 
cisely the missing principle to organize the computation. We settled the index 
problem in as briefly sketched in §1, by proving that the cyclic cohomol- 
ogy of the above cyclic module is in fact isomorphic to the Gelfand-Fuks 
cohomology, in both the 'absolute' and the 'relative' case. This isomorphism 
is concretely illustrated in the codimension 1 case in §6, for the Godbillon-Vey 
class and also for the transverse fundamental class. 

The emergent Hopf cyclic structure applies to arbitrary Hopf algebras, in par- 
ticular to quantum groups, and gives rise to characteristic classes associated 
to Hopf actions, cf. [HIE], also §3 and §4 below. The algebraic machinery 
developed in the process has been extended by Hajac-Kahalkhali-Rangipour- 
Sommerhauser to a theory with coefficients ^§1 120] • The characteristic map 
associated to a Hopf module algebra with invariant trace has been general- 
ized to the case of higher traces by Crainic ^H] and by Gorokhovsky [T%] . 
It was further extended by Khalkhali and Rangipour [21], who upgraded it 
to cup products in Hopf-cyclic cohomology. For these developments we refer 
the reader to the cited papers. 

The geometric framework that allowed us to treat the 'space of leaves' of a 
general foliation is Diff-invariant and therefore provides a 'background inde- 
pendent' set-up for geometry that could be of relevance in dealing with the 
background independence problem in quantum gravity. With this potential 
association in mind, we have added some new material. In §2 we give a de- 
tailed description of the Hopf algebra 7i n and of its 'standard' module-algebra 
representation, while §5 treats the relative version of Hopf cyclic cohomol- 
ogy in full generality; thus, besides the relative Hopf cyclic cohomology of 
the pair (TC n , o n ), that has played a crucial role in understanding the Chern 
character of the hypoelliptic signature operator, one can now handle pairs 
with noncompact isotropy, such as (TC n +i,O nt i). 
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1 Background independent geometry and the 
local index formula 

In the noncommutative approach a geometric structure on a 'space' is spec- 
ified by means of a spectral triple (A, S),D). A is an involutive algebra of 
bounded operators in a Hilbert space Sj, and represents the 'local coordi- 
nates' of the space. D is an unbounded selfadjoint operator on fj, which 
has bounded commutators with the 'coordinates', and whose inverse D^ 1 
corresponds to the infinitesimal line element ds in Riemannian geometry. In 
addition to its metric significance, D carries an important topological mean- 
ing, that of a .fT-homology cycle which represents the fundamental class of 
the 'space' which is the spectrum of A. 

When this space is an ordinary spin manifold M, i.e. when the algebra 
A = C°°(M), one obtains a natural spectral triple (A,S),D) by fixing a 
Riemannian metric on M and taking for D the Dirac operator in the Hilbert 
space 9) of square integrable spinors. 

At first sight, i.e. when viewed from the classical viewpoint of Riemannian 
geometry, the transition from the local differential geometric set-up to the 
operator theoretic framework might appear as a mere translation. That 
this is far from being the case, even in the classical framework, requires an 
explanation which we now give below. 

In order to define the transverse geometry, i.e. the geometry of the 'space' of 
leaves, for a general foliation, one is confronted with the problem of finding 
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a geometric structure that is invariant under all diffeomorphisms of a given 
manifold M. Indeed, the action of the holonomy on a complete transversal 
M to a foliation is as wild (in general) as that of an arbitrary (countable) sub- 
group of Diff(M), and invariance under holonomy is a necessary constraint 
when passing to the space of leaves. 

The standard geometric notions are of course equivariant with respect to 
Diff(M), but they are not invariant . In fact, it is well known that the group 
of isometries of a Riemannian manifold N is a finite dimensional Lie group 
and is thus incomparably smaller than the group Diff(M) of any manifold. 

The first virtue of the operator theoretic framework of noncommutative ge- 
ometry is that it only requires invariance to hold at the level of the principal 
symbol (in classical pseudodifferential terms) of the operator D. When D is 
an elliptic operator the gain is non-existent since in that case the symbol spec- 
ifies the metric. But the first main point is that the theory applies with no 
change when D is only hypoelliptic, and this allows to treat 'para- Riemannian' 
spaces, which admit groups of isometries as large as diffeomorphism groups. 
This allows to handle n-dimensional geometry in the following "background 
independent" way [8 . One first replaces a given manifold M n (with no ex- 
tra structure except an orientation) by the total space of the bundle PM = 
F + M/ SO(n), where F + M is the GL + (n, R) -principal bundle of oriented 
frames on M n . The sections of it : PM — > M are precisely the Riemannian 
metrics on M but unlike the space of such metrics the space P is still a 
finite dimensional manifold. The total space PM itself admits a canonical, 
and thus Diff + (M)-invariant, 'para-Riemannian' structure, which can be de- 
scribed as follows. The vertical subbundle V C T(PM), V = Ker7r*, carries 
natural Euclidean structures on each of its fibers, determined solely by fixing 
once and for all a choice of a GL + (n, M)-invariant Riemannian metric on the 
symmetric space GL + (n, WL)/SO(n). On the other hand, the quotient bundle 
M = T(PM)/V comes equipped with a tautologically defined Riemannian 
structure: every point p G PM is an Euclidean structure on T 7r ( p )(M) which 
is identified to Af p via 7r*. 

Since no non-canonical choice were involved so far, the obtained structure on 
PM is invariant under the canonical lift of the action of Diff + (M). In par- 
ticular any hypoelliptic operator whose principal symbol only depends upon 
the above 'para-Riemannian' structure will have the required invariance to 
yield a spectral triple governing the geometry in a "background indepen- 
dent" manner. Since the object of our interest is the X-homology class of 
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the spectral triple (and we can freely use the Thorn isomorphism to pass from 
the base M to the total space PM in an invariant manner), we shall take 
for D the hypoelliptic signature operator. The precise construction of D, to 
be recalled below, involves the choice of a connection on the frame bundle 
but this choice does not affect the principal symbol of D and thus plays an 
innocent role which does not alter the fundamental Diff + (M)-invariance of 
the spectral triple. More precisely, we have shown in |3] that it does define in 
full generality a spectral triple on the crossed product of PM by Diff + (M). 
It is worth mentioning at this point that this construction, besides allowing 
to handle arbitrary foliations, could be of relevance in handling the basic 
problem of background independence, which is inherent to any attempt at a 
quantization of the theory of gravitation. 

The hypoelliptic signature operator D is uniquely determined by the equation 
Q = D\D\, where Q is the operator 

Q = (d'y d v - dy d v ) © 7y (d H + d* H ) , 

acting on the Hilbert space of L 2 -sections 

F)pm — L 2 (A'V* Cg) aW*, w P )- 

here dy denotes the vertical exterior derivative, jy is the usual grading for 
the vertical signature operator, du stands for the horizontal exterior differ- 
entiation with respect to a fixed connection on the frame bundle, and wp 
is the Diff + (M)-invariant volume form on PM associated to the connection. 
When n = 1 or 2 (mod 4), for the vertical component to make sense, one has 
to replace PM with PM x S 1 so that the dimension of the vertical fiber be 
even. 

The above construction allows to associate to any transversely oriented foli- 
ation T of a manifold V a spectral triple encoding the geometry of VjT in 
the following sense. If M is a complete transversal and T is the correspond- 
ing holonomy pseudogroup, then the pair (S)pm,D) described above can be 
completed to a spectral triple (Ar, $)pm, D), by taking as At the convolu- 
tion algebra of the smooth etale groupoid associated to T. The spectral triple 
(Ar, F)pm, D) represents the desired geometric structure for VjT. 

Using hypoelliptic calculus, which in particular provides a noncommutative 

residue functional + extending the Dixmier trace, we proved in jHJ Part I] 
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that such a spectral triple (Ar, $)pm, D) fulfills the hypotheses of the operator 
theoretic local index theorem of [HI Part II]. Therefore, its character-index 
ch*(D) e HC*(Ar) can be expressed in terms of residues of spectrally defined 
zeta-functions, and is given by a cocycle {4> q } in the (b, B) bi-complex of At 
whose components are of the following form 



<) q {a , . . . , a 



') = c ^ / a °[^ • • • to a ^ {kq) \Q\~ q ~ m ; (i-i) 



we have used here the abbreviations = V fe (T) and V(T) = D 2 T — TD 2 , 
k = (hi, . . . , k g ) , |k| = ki + . . . + kg , and 



^ " k 1 \...kg\(k 1 + l)...(k 1 + ...+kg + q) V ' 

The summation necessarily involves finitely many nonzero terms for each (f) q , 

n(n + 1) 

and q cannot exceed h 2n. 

In practice, the actual computation of the expression (jl.lj) is exceedingly 
difficult to perform. Even in the case of codimension n — 1, when there 
are only two components {(pi, 03}, the order of magnitude of the number of 
terms one needs to handle is 10 3 . Thus, a direct evaluation of (jl.lj) for an 
arbitrary codimension n is impractical. 

There are two reduction steps which help alleviate, to some extent, the com- 
plexity of the problem. First, by enlarging if necessary the pseudogroup T, 
one may assume that M is a flat affine manifold. There is no loss of generality 
in making this assumption as long as the affine structure is not required to 
be preserved by T. Thus, one can equip M with a flat connection, and since 
the horizontal component of the operator Q is built out of the connection, its 
expression gets simplified to the fullest extent possible. It is also important 
to note that Q is affiliated with the universal enveloping algebra of the group 
of affine motions of M n , in the sense that it is of the form 



Q = ^(Qaig), with Q alg G (2l(M n x] g[(n, R)) ® End(E)) 



SO(n) 



where R is the right regular representation of lR n X GL(n,M.) and E is a 
unitary S , 0(n)-module. 
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Secondly, one can afford to work at the level of the principal bundle F + M, 
since the descent to the quotient bundle PM only involves the simple oper- 
ation of taking 5'0(n)-invariants. 

The strategy that led to the unwinding of the formula essentially evolved 
from the following observation. The built-in affine invariance of the operator 
Q, allows to reduce the noncommutative residue functional involved in the 
co chains 

0(a°, . . . , a 9 ) = ja°[Q, a l f l] •••[<?, a q f^ \Q\^ q+2 ^ , (1.2) 

to a genuine integration, and thus replace them by cochains of the form 

</>(a°, . . . , a q ) = r r (a° h^a 1 ) . . . h q {a q )) ; (1.3) 

here Tr is the canonical trace on Ar and h , . . . , h q are 'transverse' differential 
operators acting on the algebra Ar- Under closer scrutiny, which will be 
discussed in great detail in the next section, these transverse differential 
operators turn out to arise from the action of a canonical Hopf algebra Ti, n , 
depending only on the codimension n. Furthermore, the cochains (J1.3)) will 
be recognized to belong to the range of a certain cohomological characteristic 
map. 

2 The Hopf algebra 7i n and its standard ac- 
tion 

Let FIR™ be the frame bundle on IR n , identified to W 1 x GL(n, M.) in the usual 
way: the 1-jet at 6 f n of the map : R n -> R n , 

<f)(t)=x + yt, x,teR n , y G GL(n, R) 

is identified to the pair (x,y) G GL(n,M.). We endow it with the trivial 
connection, given by the matrix- valued 1-form uj = (cjj) where, with the 
usual summation convention, 

"5 := (y~%dy$ = (y-'dy)}, i.j 1 /, . (2.1) 
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The corresponding basic horizontal vector fields on FM. n are 

d 

X k = y£d ll) fc = l,...,ra, where 8^ = -^—^. (2.2) 

We denote by 9 = (9 k ) the canonical form of the frame bundle 

9 k ■= (y-^dx^ = (y" 1 dx) fc , k = l,...,n (2.3) 

and then let 

*7=yfd£, i,j = l,...,n, where 0j := , (2.4) 

be the fundamental vertical vector fields associated to the standard basis of 
R) and generating the canonical right action of GL(n,M) on F~R n . At 
each point of F~R n , {X k , Y/}, resp. {9 k , Uj}, form bases of the tangent, resp. 
cotagent space, dual to each other: 



= S$, (u>),X k ) = 0, (2.5) 

(p,y£) = o, (e^Xj) = 5). 



The group of diffeomorphisms Q n := Diff W l acts on FIR™, by the natural lift 
of the tautological action to the frame level: 

(p(x, y) := ((fi(x), (p'(x) ■ y) , where ip\x)) = dj (p l (x) . (2.6) 

Viewing here Q n as a discrete group, we form the crossed product algebra 

An := C?(FR n ) *g n . 

As a vector space, it is spanned by monomials of the form / U* , where 
/ G C^°(FW a ) and U* stands for £> _1 , while the product is given by the 
multiplication rule 

hu*^- f 2 u; 2 = hiho^u;^. (2.7) 

Alternatively, A n can be regarded as the subalgebra of the endomorphism 
algebra C (C^°(FIR n )) of the vector space C^°(FW l ) , generated by the mul- 
tiplication and the translation operators 

M 7 (0 = /£, / G C™(FR n ) , £ e C C °°(FM") (2.8) 
^(0 = £°v?, e & , £ e C^FR") . (2.9) 
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Since the right action of GL(n, M) on F¥L n commutes with the action of Q n , 
at the Lie algebra level one has 

u v y>u; = y>, ^eg n . (2.10) 

This allows to promote the vertical vector fields to derivations of A n . Indeed, 
setting 

Y?(fu;) =Yi(f)u;, fu;eA n , (2.11) 

the extended operators satisfy the derivation rule 

Y? (a b) = YP (a)b + aY?(b), a,beA n , (2.12) 

We shall also prolong the horizontal vector fields to linear transformations 
X k G £ {A n ), in a similar fashion: 

x k (fu;)=x k (f)u;, fu;eA n . (2.13) 

The resulting operators are no longer ^-invariant. Instead of (J2.1U)) . they 
satisfy 

U v X k U; = X k - i) k (if- l )Yi } (2.14) 

where <p \— > Yjkif) is a group 1-cocycle on Q n with values in C°°{FW l ); 
specifically, 

HMfay) = (y' 1 ■ ■ <VW ■ y)) y£. (2.15) 

The above expression comes out readily from the pull-back formula for the 
connection, 

=u) + 1 ) k ( V )e k ; (2.16) 
indeed, if (x,y) := <p(x,y) = (ip(x), ip'{x) -y), then 

y _1 dy = y- 1 ip'ix)- 1 (dp'(x) y + (f/(x) dy) 

= y-'dy + (y-V(^) _1 ^'(a;)y) dx» 
= y- 1 dy + (y- 1 V '{x)- 1 d^'(x) y) y£ 9 k . 

In view of the (? n -invariance of 8, f!2.16|) makes the cocycle property of 7 
obvious. To obtain (|2.14|) . one just has to use that {9 k , (^ _1 )*(u;^)} is the 
dual basis to {U v X k U* t YP}, cf. fl23j) . 
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As a consequence of (|2.14|) . the operators X k e C (An) are no longer deriva- 
tions of An, but satisfy instead a non-symmetric Leibniz rule: 

X k (ab) = X k (a)b + aX k (b) + ^(a)F/(6), a,beA n , (2.17) 

where the linear operators 5j k G C (A n ) are defined by 

5} k {fu;) = i)Mfu;. (2.18) 

Indeed, on taking a = f\ U* , b = f 2 U* , one has 

x fe (a • b) = x k {h u; x ■ h u; 2 ) = x k {h ■ u* vi / 2 u vi ) u; w 
= x k {h) u; t ■ h u; 2 + h u* vi ■ x k (f 2 u; 2 ) 
+ h u*, ■ (u vi x k u* ± -x k )(f 2 u; 2 ), 

which together with ()2.14|) and the cocycle property of 7k imply ()2.17|) . 

The same cocycle property shows that the operators 5^ k are derivations: 

8) k (ab) = 5) k (a)b + aS^b) , a,beA n , (2.19) 

The operators {X k , YJ} satisfy the commutation relations of the group of 
affine transformations of IR n : 

M,Y£\ = ^Yf-5fYi, (2.20) 
[YP,X k ] = SiX i} [X k ,X E ] = 0. 

The successive commutators of the operators 6j k s with the Xgs yield new 
generations of 

5 jk\£ 1 ...l r ■= ( 2 ' 21 ) 

which involve multiplication by higher order jets of diffeomorphisms 

S l mi ...eAf U;) = Y jklh .. Ir fU;, where (2.22) 

l)k\h..l r = Xtr'" X h (ijk) ■ 

Evidently, they commute among themselves: 

Wjk\e 1 ..j r ^j'k'\£' 1 ...£ r \ = 0- (2.23) 
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The operators (5^,^ t are not all distinct; the order of the first two lower 
indices or of the last r indices is immaterial. Indeed, performing the matrix 
multiplication in (j2.15j) gives the expression 

7j*fa)(*,y) = (y-^WzrydA^Wysrt' ( 2 - 24 ) 

which is clearly symmetric in the indices j and k. The symmetry in the last 
r indices follows from the definition ()2.21|) and the fact that, the connection 
being flat, the horizontal vector fields commute. It can also be directly seen 
from the explicit formula 

Tfox^foOfoy) = (2-25) 
= (y- 1 )^ ...dp, {{ V \x)^)%d v ^{x)) yp^ . . . y£ . 



The commutators between the Y„s and ^'s can be obtained from the ex- 
plicit expression (|2.15|) of the cocycle 7 , by computing its derivatives in the 
direction of the vertical vector fields. Denoting by E„ the nxn matrix whose 
entry at the A-th row and the /x-th column is 1 and all others are 0, one has: 

n A (i}*(v))(^y) = 

= f t \t=o ((«?(-«£) y" 1 y/Or)" 1 d^\x) y exp(«£))j (y exp(t^))^) 
= ~[El y" 1 f'^r 1 d^'(x) y]j y£ + (y- 1 ^(x)' 1 d^{x) y)\ {yE% 

= (rVW^W)y)i - K (y~ V^r 1 ^'(*) y)* y£ 

+ {y-Wx)- x d» V \x)y))y»8l. 
It follows that 

[Y u \5) k ] =6$5i k + 5i 5} v - 515%. 

More generally, using ()2.20|) and the very definition (j2.21|) . one obtains from 
this, by induction, 

r 

1 fylh\h-3r] = ^3lh\h...3H-lU3s+1...3r ~ ^ ^j\h\h-jr ' (2.26) 

s=l 
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By a transient abuse of notation, we now regard X k , YJ and $j k \ tl ir as ab- 
stract symbols, preserving the convention that in the designation of the latter 
the order of the first two lower indices or of the last r indices is unimportant, 
and make the following definition. 

Definition 1. Let 7i n be the universal enveloping algebra of the Lie algebra 
\} n with basis 

{X x , Y», 5) m ^ tr \l <\,n,v,i<n,l<j<k<n,l<e 1 <...<e r <n} 

and the following presentation: 

[X k ,X £ ] = 0, (2.27) 
[Y?X\ = SP?-6*Y>, (2.28) 
[Y/,X k ] = SiX h (2.29) 

[ x iritijk\ei...e r -i] = fijk\ei...e r i (2.30) 

r 

\Y X S i 1 = ^ A S l — S i fi x (1 31") 

L V ' U j\'h\ri—3r\ / j is jlj2\j3~-js-ivjs+l—jr V U j\J2 \ 33— jr ' V / 

S = l 

^-ir^k'K-^ = - ( 2 - 32 ) 



We shall endow H n = 2l(f)n) with a canonical Hopf structure, which is 
non- co commutative and therefore different from the standard structure of a 
universal enveloping algebra. 

Proposition 2. 1°. The formulae 

AX k = X k ® 1 + 1 <g> X fc + <Sj fc <g> Y? , (2.33) 
AY? = YP®1 + 1®YP, (2.34) 
A5) k = 5) k ®l + l®5) k , (2.35) 

uniquely determine a coproduct A : 7i n — > H n <S> T~t n , which makes Ti n a 
bialgebra with respect to the product m : H n <8> T~L n ~^ 7~Ln an d the counit 
e : 7i n — > C inherited from 2t(f) n ). 
2°. The formulae 

S(X k ) = -X k + 5] k Y?, (2.36) 

W) = -1?, (2.37) 
5(5} fc ) = (2.38) 
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uniquely determine an anti-homomorphism S : 7i 



■n 



7i n , which provides 



the antipode that turns 7i n into a Hopf algebra. 

Proof. 1°. Once its existence is established, the uniqueness of the coproduct 
A satisfying ()2.33j) - (j2.35j) is obvious. Indeed, these formulae prescribe the 
values of the algebra homomorphism A : 2l(f) n ) — > 2l(f) n ) <8> 2l(f)n) on a set of 
generators. (Note however that, in view of (|2.33j) . they do not define a Lie 
algebra homomorphism t) n — > f) n ® i) n ). 

To prove the existence of the coproduct, one checks that the presentation 
(I2.27j) - (j2.32j) is preserved by A; this ensures that A extends to an algebra 
homorphisra 2l(f) n ) — > 2l(f) n ) ® 2l(f}„). 

One then has to verify coassociativity and counitality. We skip the straight- 
forward details. An alternate argument will emerge later (see Remark EJ). 

2°. Similarly, one shows that S defines an an anti-homomorphism 7i n — > Ti, n 
by checking that the presentation ()2.27|) - (j2.32J) is anti-preserved. Since the 
antipode axioms are multiplicative, it suffices to verify them on a set of 
generators. This is precisely how the formulae (j2.36|) - (j2.38J) were obtained, 
and is easy to verify. □ 

The abuse of notation made in the definition ^ will be rendered completely 
innocuous by the next result. 

Proposition 3. 1°. The subalgebra of C(A n ) generated by the linear oper- 
ators {Xk, YJ, 8j k \ i,j,k= 1, . . . , n} is isomorphic to the algebra H n . 

2°. The ensuing action of7i n turns A n into a left 7i n -module algebra. 

Proof. 1°. The notation needed to specify a Poincare-Birkhoff-Witt basis for 
2t(f)„) involves two kinds of multi-indices. The first kind are of the form 



while the second kind are of the form K = {ki < . . . < K r }, where 



I ={ii <•..<*„;(£) <•••< (i: 



) 



} 




s = 



r ; 
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in both cases the inner multi-indices are ordered lexicographically. 

The PBW basis of 2l(f) n ) will consist of elements of the form 5k Zi , ordered 
lexicographically, where 

Z I = X il ... X ip Yll . . . Y 3 k q q and 5 K = <SV kl]t i^ • • • 8£ Mn ...^ r ■ 

We need to prove that if cj tK G C are such that 

c LK 5 K Zj{a) = 0, WaeA n , (2.39) 

l.K 

then ci } k = 0, for any (J, if). 

To this end, we evaluate ()2.39|) on all monomials a = fU* at the point 

Uo = ( x = 0, y = I) G FR n = I n x GL(n, M n ) . 
In particular, for any fixed but arbitrary <p £ G n , one obtains 

Efe c ^^MWj(^//)(«o)=0, V/GC C °°(FR"). (2.40) 

Since the Z/s form a PBW basis of 2l(IR n x Ql(n, R)), which can be viewed 
as the algebra of left-invariant differential operators on FlR n , the validity 
of (|2.40j) for any / G C£°(FM. n ) implies the vanishing for each I of the 
corresponding coefficient. One therefore obtains, for any fixed i, 

J2 c i,k1k(¥)(u ) =0, V^G£ n . (2.41) 

K 

To prove the vanishing of all the coefficients, we shall use induction on the 
height of K = {k± < ... < K r }; the latter is defined by counting the total 
number of horizontal derivatives of its largest components: 

\K\ = £[ + ■■■ + f Pr . 

We start with the case of height 0, when the identity (j2.41j) reads 

Yl Cl > K 7 iifci (^) ' ' ' 7 irfc r M M = , V 9? G n . 
ft" 
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Choosing cp in the subgroup Qn (0) C Q n consisting of the diffeomorphisms 
whose 2-jet at is of the form 

1 n 

i,fc=i 

and using (|2.24|h one obtains: 

Cl > K ' ' ' ZZkr = °> G K n3 , Cjk = Ckj ■ 

K 

It follows that all coefficients c^k = 0. 

Let now N G N be the largest height of occurring in (|2.41|) . By varying (p in 
the subgroup Q n N+2 \o) C Q n of all diffeomorphisms whose (N + 2)-jet at 
has the form 

tN+2( \i/ \ i I 1 y ti „j' fe„ai . . . ™ajv 

J l<fV W — x ^ (7V+2)! Z^i,fc,air-,aiV+2 $jkai...a N x x x x > 

s>,>,..„ N G C 1 ™, (;, n ,.,, A = 4 Qct(1) ... Qct(jv) , V permutation a , 

and using (J2.25j) instead of (|2.24|) . one derives as above the vanishing of all 
coefficients c/ )K with |ac| = N. This lowers the height in ()2.41|) and thus 
completes the induction. 

2°. Due to its multiplicative nature, it suffices to check the compatibility 
property 

h(ab) = ^ fyi)(a) fe(2)(6) , heH n , a,b e A n (2.42) 

(h) 

only on generators. This is precisely what the formulae ()2.12|) . ()2.17|) and 
fl2~TT31) verify. □ 

As a matter of fact, the action of the algebra 7i n on A n is not only faithful 
but even multi-faithful, in the sense made clear by the result that follows. In 
order to state it, we associate to an element h 1 <g> . . . <g> h p G H® P a multi- 
differential operator acting on A n , as follows: 

T(/i 1 ® . . . ® /i p ) (a 1 ® . . . ® a p ) = /^(a 1 ) • • • /i p (a p ) , (2.43) 
where ft, , . . . , hP G 7i n and a , . . . , aP G A n . 
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Proposition 4. The linearization T : H® P — > £(A® P ,A n ) of the above 
assignment is injective for each p G N. 



Proof. For p = 1, T gives the standard action of 7i n on *4 n , which was just 
shown to be faithful. To prove that KerT = for an arbitrary p G N, 
assume that 

H = h\®---®h p p G KerT. 
p 

After fixing a Poincare-Birkhoff-Witt basis as above, we may uniquely express 
each hP p in the form 

K = Yl °p>h>K 3 S Kj Z h , with C PiIj , Kj e C . 

Evaluating T(iJ) on elementary tensors of the form fiU* ± <8> ■ ■ • <8> f p U* , one 
obtains 

5^ C p , h , Kl ■ ■ ■ C p , Ip>Kp S Kl {Zh(h)Ki) ' ' ' 5k v ( Z i P (fp)Kp) = • 

p,I,K 

Evaluating further at a point u\ = (xi,yi) G FR n , and denoting 

«2 = &l(ui) ,...,U p = ^ p _i(m p _i) , 

the above identity gives 

Cp >IuKl ---Cp tIp> K p ■ 7ifi(^i)W--'7if p yK) 

• ^(WN-^^W = o. 

Let us fix points u±, . . . , u p G FM n and then diffeomorphisms ^o, V^j • • • > Vv> 
such that 

«2 = ^l(«l) >•••>«? = V'p-l(Wp-l) • 

Following a line of reasoning similar to that of the preceeding proof, and 
iterated with respect to the points ui,...,u p , we can infer that for each 
p-tuple of indices of the first kind . . . , I p ) one has 

°p,h,K 1 ■ ■■C p , Ip , Kp ■ 1kA<Pt)M ■ •■1k p {^P p ){u p ) = 0. 

p,k 
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Similarly, making repeated use of diffeomorphisms of the form 

ip k o ip with ip e Q { n N) (u k ) , k = 1, . . . , p , 

for sufficiently many values of N, we can eventually conclude that for any 
(K h ...,K p ) 

P 

This proves that H = 0. □ 

Remark 5. The coproduct A : 7i n — > H n ® TC n and its fundamental prop- 
erties are completely determined by the action of 7i n on its standard module 
algebra A n . 

Indeed, the compatibility rule (|2.42j) can be rewritten as 

T(Ah){a®b) = h(ab) , V h E H n , a,b e A n . (2.44) 

By Proposition 0] this completely determines A. Furthermore, the coassocia- 
tivity of A becomes a consequence of the associativity of A n , because after 
applying T it amounts to the identity 

h((ab)c) = h(a(bc)) , V h E H n , a,b E A n . 

Similarly, the counitality is a byproduct of the unitality of A; transported 
via T it becomes tantamount to 

h((a 1) = h(l a) = h(a) , V/i G H n , a E A n . 



3 Invariant trace and characteristic cochains 

An important feature of the standard module algebra is that it carries an 
invariant trace, uniquely determined up to a scaling factor. It is defined as 
the linear functional r : A n — > C, 

I FR n f G7 , if <p = Id, 
rifUYl = { (3.1) 
, otherwise , 
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where w is the volume form on the frame bundle 

n 

vj = /\ 9 k A /\ u'j (lexicographically ordered) . 
k=i 

The invariance property is relative to the modular character 5 : 7i n — > C, 
that extends the trace character of Ql(n, R), and is defined on generators as 
follows: 

S(Yi) = Si, 6(X k )=0, 5(5) k ) = 0, /../•/.• 1 n. (3.2) 



Proposition 6. 1°. For any a, b G A n and h G 7i n one has 

T (ab) = r{ba), r(h(a)) = 5(h)r(a). (3.3) 
2°. For any h G 7i n and a, b G A n one has 

r{h{a)b) = r{aS{h){b)), (3.4) 

with 

S(h) = J25(hi))S(h {2) ), (3.5) 

00 

satisfying the anti-involutive property 

S 2 = Id. (3.6) 

Proof. 1°. The trace property is a consequence of the £? n -invariance of the 
volume form w. In turn, the latter follows from the fact that 

$*{B) = 6 and (p*(u) = u + 7 ■ 9 , (cf. (l2~ToT) ; 

therefore, 

n n 

^{w) = /\ e k a f\ («,* + 7 } £ (v)9 e ) = /\ e k a /\ u) . 

k=l k=l 

Passing to the 7i n -invariance property in ()3.3|) . it suffices to verify it on 
generators. Evidently, both sides vanish if h = 5j k . On the other hand, its 
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restriction to R n K g[(n, R) is just the restatement, at the level of the Lie 
algebra, of the right semi-invariance property for the left Haar measure on 
R n k GL(n, R). 

2°. Using the 'product rule' (j2.12j) for vertical vector fields, in conjunction 
with the invariance property ()3.3|) applied to the product of two elements 
a,b G A n , one obtains 

r (l7'(o)6) = -r (a !?'(&)) + a?'r(o6), Va,6G A- (3.7) 

On the other hand, for the basic horizontal vector fields, (|2.17|) and (|3.4|) give 

r(X fc (a)6) = -r(aX fc (&)) - r^a) *?(&)) 

= -r(a^(i)) + T(a^(i)); ^ 

the second equality uses the 1-cocycle nature of 7^.. The same property 
implies 

T (8) k {a)b) = -T{a8) k {b)), Va,beA n . (3.9) 

Thus, the generators oi7i n satisfy an integration by parts identity of the form 
(J3.4j) . Being multiplicative, this rule extends to all elements h G Ti n . Fur- 
thermore, since the pairing (a, b) ^ r(a b) is obviously non-degenerate, the 
integration by parts formula uniquely determines an anti-involutive algebra 
homomorphism S : H n — * H n . The equations (j3.7|) - (|3.9j) show that S fulfills 
()3.5|) on generators, and therefore for all h G 7i n . □ 



We now define an elementary characteristic cochain as a cochain G C p (A n ) 
of the form 

0(a°, . . . , a q ) = r (h°(a°) ■ ■ ■ h p {a p ))) , h°, h p G H n , a , ...,a p G A n . 

The subspace of C p (A n ) spanned by such cochains will be denoted C p (A n ). 
The collection of all characteristic cochains 

A = @C p T {An) (3.10) 

p>0 

forms a module over the cyclic category A, more precisely a A-submodule 
of the cyclic module A\. Indeed, it is very easy to check that the canonical 
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A-operators 

(M(«V-.,a p ) = ^(a°,...,aV +1 ,...,a p ), % = 0, 1, . . . ,p - 1 

(5 p ^)(a°,...,a p ) = ^(a p a ,a\---,a p_1 ) 

(a j ^)(a°,...,a p ) = y?(a°, . . . , a J , 1, a 3+1 , . . . , aP) , j = 0,l,...,p 

(r^)(a°,...,a p ) = <p(a p , a ,..., aT 1 ) . (3.11) 

preserve the property of a cochain of being characteristic. 

Note that, because of the 7i n -invariance of the trace (|3.3|) . 

C r °(A) = Cr. 

More generally, using the integration by parts property (|3.4j) . any character- 
istic cochain can be put in the standard form 

r 

<j>(a°, . . . , a^) = r (a h\{a l ) ■ ■ ■ h P (a p )) , h\ G ft n ; 
i=i 

moreover, because of the non- degeneracy of the bilinear form (a, b) \—> r(ab), 
the p-differential operator 

r 

P{a\...y) = Y,h\{a l )..-h p l {a P ) 

i=l 

is uniquely determined. In conjunction with Proposition 01 this means that 
the linear map : Hf — ► C p (A n ), 

T\^ (g...(gh p ) := T(l ® /i 1 ® . . . <8> /i p ) (3.12) 

is an isomorphism. We can thus transfer via this isomorphism the cyclic 
structure of 1)3.10)) . 

Proposition 7. The operators 



S (h} <8> . 


. ® /i*" 1 ) 


= 1 <g> /i 1 <g> . . . ® fiT" 1 


S^h 1 ® . 


. ® h^ 1 ) 


= h 1 (g . . . (g Ah j (g . . . ® h^ 1 , l<j<p- 


(^(/i 1 ® . 


. <g> /i^ 1 ) 


= h 1 (g ...(g) W 1 (g 1 


cr^/i 1 g) . 


. <g> /i p+1 ) 


= /i 1 ®...®e(/i i+1 )®...®/i p+1 , 0<i<p 


r p (/i 1 g 


. . . ® h p ) 


= (AP^Sih 1 )) -h 2 ®...®h p ®l, 



define a A-module structure on 7v n = C © (-^ VI, 

P >i 
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Proof. All we need to check is that the isomorphism intertwines the above 
A-operators with those of (|3.11|) . This is easy, and not surprising, for the face 
operators {o~i , < i < p — 1} and the degeneracy operators {a-,- , < j < 
p}, because it amounts to the natural equivalence between the cosimplicial 
structure of the coalgebra H n and that of the algebra A n . By contrast, the 
full Hopf algebraic structure of H n is reflected in the expression of the cyclic 
operator, which is obtained as follows: 



r p (T\h l ®...®h p ))(a\...,a p ) 
= r(a p h 1 (a )---h p (a p - 1 )) 



= ^(h 1 ® ...®h p )(a p ,a\...,a p - 1 ) 

= r(h 1 (a°)---h p (a p - 1 )a p ) 

= r(a° SQi 1 ) ((h 1 ) (a ) • • • h p (a p ~ l ) a p ) ) . 



In the last two lines we have used the trace property and the integration by 
parts formula (j3.5|) . To arrive at the expression in the statement, it remains 
to employ the compatibility of H n -action with the algebra product. □ 



4 Cyclic cohomology for Hopf algebras 

We now consider an arbitrary Hopf algebra 7i over a field k containing Q, 
with unit r\ : k — >• H, counit e : 7i — > k and antipode S : H — > Ti. As 
the discussion of Ti n clearly indicates, the initial datum should also include a 
'modular' component, playing the role of the modular function of a Lie group. 
To be consistent with the intrinsic duality of the Hopf algebra framework, 
this modular datum should also be self-dual. One is thus led to postulate 
the existence of a modular pair (5, a), consisting of a character 5 &H*, 

5(ab) = 6(a)5(b) , Va,6e^, 5(1) = 1, 

and a group-like element a EH, 

A(a) = a®a, e(g) = 1, 

related by the condition 

5(a) = 1. (4.1) 
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The convolution of the antipode by the character 8 gives rise to the twisted 
antipode S = S$ : H — > TC, 

S(h) =^5(h (1) ) S(h (2) ) , hen. 
(h) 

The basic properties of the ordinary antipode are inherited by the twisted 
antipode. In particular, we shall freely use the following facts that can be 
easily checked: 

S^h 2 ) = Sih^Sih 1 ), Vh\h 2 eH, 5(1) = 1; 

AS(h) = J2 s M®S(h (1) ), VheH; 

(h) 

eoS = 5, 5oS = e. 

Since the concrete Hopf algebras often arise as generalized symmetries acting 
on algebras, it is reasonable to take into account this dynamical aspect in 
the process of defining the Hopf-cyclic cohomology. 

Definition 8. Let A be an Ti-module algebra. A linear form t : A — > k will 
be called a a -trace if 

T (ab) = r(ba(a)) , \/a,b e A. (4.2) 
A a -trace r will be called (7i, 5) -invariant if 

r(h(a)) = 5(h) r(a) , VaeA,heH. (4.3) 

We remark that the invariance condition f)4.3|) is equivalent to the apparently 
stronger 'integration by parts' property 

T(h(a)b) = r(aS(h)(b)), Va G A, h e H . (4.4) 

Indeed, the former is obtained from the latter by specializing 6=1. Con- 
versely, one has (omitting the summation sign in the Sweedler notation) 

r(aS(h){b)) = S(h {1) )r{aS{h {2) {b)) = r (h (l) {aS{h (2) )(b))) 

= t (h(i)(a)h(2)(S(h( 3 ))(b))) = r(h (1) (a) e(h (2) )b) = r(h(a)b) . 
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Motivated by the discussion in the previous section, we shall enforce the 
existence of a natural characteristic homomorphism, as a guiding principle for 
the definition of Hopf-cyclic cohomology. Specifically, the definition should 
satisfy the following: 

Ansatz. Let (A, r) be an an Ti-module algebra with (7i, 5)-invariant a -trace. 
Then the assignment 

h 1 ® . . . <8> h n i— > xAh 1 (g) . . . ® h n ) G C n {A) , \fh\...,h n EH, 
Xrih 1 <g> . . . ® /i n )(a°, . . . , a n ) = r(a°/i 1 (a 1 ) . . . /i n (a n )), Vo°, . . . , a n 6 A 

defines a canonical map x* T '■ HC*(H) — > i?C*(.A)- 

If 7i happens to admit a multi-faithful action on a module algebra, then the 
Ansatz would dictate, as in Proposition [3 the following cyclic structure on 

= C0 0W®" : (4.5) 

n>l 

Soih 1 ® . . . ® /i"" 1 ) = 1 ® /i 1 <g> . . . <g> h n -\ 

Sjih 1 ® ...®/i n_1 ) = ® . . . ® A# <g> . . . ® /i n_1 , l<j'<n-l 
5 n (/i x ® . . . <g> /i n_1 ) = h 1 <g> . . . <g> ft"" 1 (8) ex, 

^(/i 1 ® . . . <g> /i n+1 ) = ft 1 ® ...®£(/i i+1 )(g)...®/i n+1 , 0<i<n, 
r^h 1 ® . . . ® h n ) = (A^Sih 1 )) ■ h 2 <g> . . . ® /i n ® a. 

The insertion of a in <5 n and r n accounts for the passage from an ordinary 
trace to a twisted trace. Note that 

Tl 2 (h) = S{S{h) a)a = a' 1 S 2 {h)a, MheH, 

therefore the fact that t\ is cyclic is equivalent to the identity 

S 2 = Ada. (4.6) 

Definition 9. A modular pair (5, a) is said to be in involution if the 5-twisted 
antipode S = S$ satisfies the condition (|^.6] ). 

The pleasant surprise is that, besides (|4.6|) . there are no more conditions 
needed for the existence of a cyclic structure based on the above operators. 
The key calculation to prove this makes the object of the following lemma. 
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Lemma 10. Given a Hopf algebra Ti endowed with a modular pair (5, a) one 
has, for any h 1 , . . . , h n G H, 

r^ih 1 ® ...®h n ) = a' 1 S^h 1 ) a®...® a' 1 S 2 {h n ) a. 

Proof. Omitting the summation sign, we write r n in the form 

TnQi 1 ® /i 2 ® . . . ® /i n ) = S{h\ n) )h 2 ® Sihj^h 3 ® . . . ® S(hl 1} )a. 

Upon iterating once, one obtains T 2 {h l ® . . . ® h n ) = 

= 5(5(/ i J„ ) ) (n) ^ n) ))5(/ i J n _ 1) )/ i 3 ® • • • ® 5(5(/ i ; n) ) (1) ^ 1) )a 

= 5(^„ ) )^(/ i J n)(1) ))^ n _ 1) )/ i 3 ®...® 5(/iJ l) )5(5(/if B)(B) ))(7 

= ^/^(/^^(Z^))/* 3 ® . . . ® 5(fcJ 1) )5(5(/if 2B _ 1) ))(7; 
successive use of the basic identities for the counit and the antipode leads to 

= S(h 2 (n) )h 3 . . . ® S(h 2 2) ) SiSih^Sihl^a ® S(h^)S(S(h\ 3) ))a 

= A^S(h 2 ) -/i 3 ® ...®cr®5 2 (/i 1 )(7; 
for the last equality we have used, with k = h\y 

S(S(k {2) ))S(k {1) ) = S(S(k m ))5(k {1) )S(k {2) ) = 5(k (1) )S{k {2) S(k {3) )) 
= 5(k {1) )S(e(k {2) )l) = 5(k (1) )e(k {2) ) 
= S (*(i)e(*( 2 ))) = 6(h) . 

By induction, one obtains for any j — 1, . . . , n, 

r^/i 1 ®. . .®/i") = A"- 1 ^)-/^ 1 ®. . .®/i n ®a®5 2 (/i 1 )a®. . .®S 2 {h j - l )a. 
A last iteration finally gives 

T% +1 {h} ® . . . ® h n ) = A n ~ 1 S(a) ■ S 2 (h l )a ® . . . ® S 2 (h n )a. 

□ 
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Theorem 11. Let 7i be a Hopf algebra endowed with a modular pair (5, a). 
Then H^sa) = ^--©©n>i e Q u WP e d with the operators is a A-module 
if and only if the modular pair (5, er) is in involution. 



Proof. One needs to check that the operators defined in ()4.5|) satisfy the 
following relations, that give the standard presentation of the cyclic category 

a = ac (0, my- 

5j5i = 8i8j-i, % < j, o-jo-i = o-ia j+ i, i < j (4.7) 



8i(Tj-i i < J 

Ojbi = { l n if % = j or i = j + 1 (4.8) 
Si-tcrj i>j + l; 

r n Si = 5i_iT n _i, 1 < i < n, r n 5 = S n (4.9) 

T n Oi = (Tj-iTn+i, 1 < i < n, r n a = o- n Tn +1 (4.10) 

C +1 = In- (4.H) 

The cyclicity condition (|4.11|) holds by virtue of LemmalTUland the hypothesis 
that the modular pair (5, a) is in involution. 

The verification of the remaining relations is straightforward. As typical 
illustrations, we check below some of the compatibility relations. For i — 1 
in (|4.9|h one has 

rj^h 1 ® . . . ® h 71 ' 1 ) = r n (/ij 1} ® h\ 2) ® h 2 ® . . . ® h n ~ l ) 
= A n_1 5(/i( 1) ) • /ij 2) <8 /i 2 <8 . . . <8 /i™" 1 <8 a 

= 5(/iJ 1)(n) )/iJ 2) <g> S^^/i 2 (8) ... (8) 5(/ i ; i)(2) J/i"- 1 <g> 5(/if 1)(1) )o- 
= 6(^)1 ® S^))/* 2 ® . . . ® S'(/ i J 1) )^- 1 ® 
= 1 ® 5(7^ )/i 2 (8) ... (8) S^)/^- 1 (8) 5(/i; i} )a 
= ^oTn-^/i 1 ® ...®/i n_1 ), 

while for i = the verification is even easier: 

T n 8 {h}® . . . ® h n ~ l ) = r n (l (8 /i 1 (8) . . . ® /i^ 1 ) = 
= A"- 1 5(l) • /i 1 ® . . . ® fc n_1 (8 <r = /i 1 ® . . . ® h" -1 O <r 
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Passing now to the relations (|4.1(J|) . when i = the left hand side gives 

T n a Q {h l ® . . . ® h n+l ) = eih^r^h 2 0...® h n + r ) = 
= e{h}) S(h 2 (n) )h 3 ® . . . ® S{h\ 2) )h n+1 ® 5(4))(7, 

which is reproduced by the right hand side as follows: 

VnTn+iih 1 ® ■ ■ ■ ® h n+1 ) = 
= a n (jr S(h 2 n+1) )h 3 ® . . . ® fif(^)(7 ® ^^(/iV) 

= ^e(^(^ 1) )5 ;2 (/ i 1 )a)5(^ n+1) )/ i 3 ® . . . ® fif(^,)(7 
= e^S^V) £ 5(h 2 (1) )S(h 2 n+1) )h 3 ® . . . ® 
= £(/i 1 )5'(/lf n) )/i 3 ® . . . ® S(/i 2 2) )/i n+1 ® 5(/lf 1) )«7. 

For z = 1 the left hand side is 

^{h 1 ® . . . ® = e{h 2 )r n {h} ® /i 3 ® . . . ® 

= e(h 2 ) ■ A n - 1 5(/i 1 ) • h 3 ® . . . ® /i n+1 ® a, 

and the right hand side amounts to the same: 

(?oT n+l (h l ® ...® /i n+1 ) = 
E ^o(S(/^ +1) )/> 2 ® . . . ® S(h\ 2) )h n+1 ® 
= J>(/> 2 ) • ■ S(/ i ;„ ) )/. 3 ® . . . ® S(h\ 2) )h n+1 ® 

= ;>>(/> 2 ) ■ sihi^h 3 ® . . . ® 5(/i; 2) )^ +i ® s^y. 

Similar calculations hold for i — 2, . . . n. □ 

For completeness, we record below the normalized bi-complex 

(CC*'*(H;S,a), b, B) 

that computes the Hopf-cyclic cohomology of 7i with respect to a modular 
pair in involution (5, a): 

V ; 1 0, g<p, 
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where 

f)™~Q Ker Oi , n > 1 , 



C, n = 0; 



C n (H;5,a) = 
the operator 

n 

6 : C"" 1 ^; 5, a) -> C n (ft; 5, a), 6 = ^(-1)^ 



i=0 



has the form b(C) = for n — , 

6 (/i 1 <g> . . . ® /i" -1 ) = 1 <g> /i 1 <g> . . . ® /i n_1 



n-l 



+ ^ ^ ® • • • ® ^(i) ® h U ®---®h 



n-l 



J' =1 (hi) 

+ (-lf/i 1 (8) ... (8) ft"" 1 <g> 1 , 

while the 5-operator B : C^W; 5, <r) -> C n (H;5,a) is defined by the 
formula 

B = AoB , n > , 



where 

B^h 1 ® . . . ® h n+1 ) 

and 



(A n - 1 1 S(/i 1 ))-/i 2 ®...®/i n+1 , n>l, 
5(h r ), for n = 



A= 1 + A n + --- + A™, with A n = (-l) n r n . 

The groups {HC n (TL; S, cr)} ne N are computed from the first quadrant total 
complex (TC*(H; 5,a),b + B), 

n 

TC n (H] 5, a) =J2 CC k ' n - k (H; 5, a) , 

and the periodic groups {HP l (7i; 5, cr)} ie x/2 are computed from the full total 
complex (TP*(H; 5,a),b + B) , 

TP l {H;5,a) = ^ CC k ^ k {TL;5,a) . 
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A class of useful examples is that of universal enveloping algebras of Lie 
algebras. If 7i — 21(g), with g a Lie algebra over k, together with a character 
S : q — > k, then the periodic Hopf-cyclic cohomology of the (21(g); S, 1) reduces 
to the Lie algebra homology with coefficients in the 1-dimensional g-module 
ks associated to the character (cf. §7, Prop. 7], see also Thm. Hoi below): 

HP* (21(g); M)~ H d&k 5 )- 

is* (2) 

Dually, if H = 7i{G) is the Hopf algebra of regular (i.e. polynomial) functions 
on a unipotent affine algebraic group G with Lie algebra g, then its periodic 
cyclic cohomology with respect to the trivial modular pair (e, 1) is isomorphic 
to the Lie algebra cohomology: 

© 

HP*(H(G);e,l)~ (*.*)■ 

is* (2) 

In these instances a = 1. On the other hand, the class of quasitriangular 
Hopf algebras called ribbon algebras, and in particular the g-deformations 
2lq(g) of the classical Lie algebras, provide examples of dual pairs with a / 1 
and 5 = e (see [TT1 §4]). 

Our prototype of a Hopf algebra with modular pair in involution was of course 
(Ti, n ] 5, 1). In [9, §7, Theorem 11] we established a canonical isomorphism 

© 

< : C ) HP * (^n! 5, 1) , (4-12) 

is* (2) 

between the Gelfand-Fuks cohomology of the Lie algebra a n of formal vector 
fields on M. n and the periodic Hopf-cyclic cohomology of (T~C n ; S, 1). Moreover, 
the isomorphism k* is implemented at the cochain level by a homomorphism 
constructed out of a (fixed but arbitrary) torsion-free connection. 
A similar statement takes place at the relative level, and it actually plays a 
key role in understanding the Chern character of the hypoelliptic signature 
operator, namely the existence of a canonical isomorphim 
© 

<,so(n) : E W ^ S0 C ) ^ HP * S °Wi 5 > !) ( 4 - 13 ) 

is* (2) 
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While the meaning of the relative Hopf cyclic group HP* (H n , SO(n); 5, 1) 
happened to be quite clear in that particular context, it was not so in the 
case of non-compact isotropy, for instance for the Lorentz group SO(n — 1, 1). 
The treatment of the general case makes the object of the next section. 



5 Relative Hopf cyclic cohomology 

Let 7i be an arbitrary Hopf algebra over a field F containing Q, with unit 
7] : F — > H, counit e : H — > F and antipode S : 7i — > Tt, and let K, be a Hopf 
subalgebra of H. We consider the tensor product over /C 

C = C(H,K) :=H®k,F, (5.1) 

where /C acts on H by right multiplication and on F by the counit. It is a 
left 7i-module, which can be identified with the quotient module 7i/7i/C + , 
/C + = Kere|/C , via the isomorphism induced by the map 

heH * — >h = h® K leH® K F. (5.2) 

Moreover, C = C(Ti, K) is an 7Y-module coalgebra. Indeed, its coalgebra 
structure is given by the coproduct 

A c (h (3k 1) = (h {1) ®^ 1) ® (h {2) ®^ 1) , (5.3) 

inherited from that on 7i, Ah = ® hp) and is compatible with the 
action of H on C by left multiplication: 

A c (h! ■h® K l) = Ah' ■ A c (h ®k 1) ; 

similarly, there is an inherited counit 

ec{h® K l) = e{h), VheH, (5.4) 

that satisfies 

e c (h' -h® K \) = e(h) e c (h ® K 1) . 

Let us now fix a right 7i-module M that is also a left H-comodule, 
M A(m) = m(_i) ® m(o) &H® M , 
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and assume that it is a stable anti-Yetter-Drinfeld module, cf. that is 

mp) m(_i) = m; (5.5) 
M A(mh) = S , (/i (3) )m ( _ 1) /i (1) (g)m (0) /i (2) . (5.6) 



The following result provides, in the extended framework of [20], a direct 
generalization to the relative case with coefficients of the definition ()4.5jl 
suggested by the Ansatz of §4. 

Theorem 12. Let C*(H, fC; M) = {C n (H,1C;M) := M ® K C® n } n > , where 
C = 7i <S>k F and the tensor product over K, is with respect to the diag- 
onal action on C® n . The following operators are well-defined and endow 
C*(TC,K.; M) with a cyclic structure: 

5 (m ® K c 1 <g . . . <g c n_1 ) = m (g*; 1 <g c 1 <g . . . <g . . . <g c n ~\ (5.7) 
8i(m 8/cc 1 ®...® c n_1 ) = m ® K c 1 <g . . . <g c l (1) ® c{ 2) <g> . . . <g c n_1 , 

V 1 < z < n- 1 ; 
5n(^ 0JCC 1 ®...® c n_1 ) = m(o) fee 1 ®...® c™" 1 <g rh(_i) ; 
ai(m ® c c 1 <g> . . . <g> c n+1 ) = mg^c 1 <g> ... ® e(c m ) <g> ... ® c n+1 , 

V < z < n; 

r n (m Ok; /i 1 ® c 2 ® . . . ® c n ) = mjoj/ip) ®x: S(/i( 2 )) ■ (c 2 ® . . • ® c n ® m(-i } ). 

Proof. One can directly check that the above operators are defined in a con- 
sistent fashion and satisfy the defining relations of the cyclic category. This 
is however redundant, because they can simply be obtained by transport of 
structure. Indeed, since C is an 7i-module coalgebra, one can apply [2TH 
Theorem 2.1] that provides a cyclic structure on the collection of spaces 

C*{H, K\ M) = {C n (H, K\ M) ■= M ®n C® n+1 } n > , (5.8) 

where H. acts diagonally on C® n+1 , as follows: 

5i(m ® H c° ® • • • ® c n_1 ) = m ® H c° ® . . . <g c l (1) ® cj 2) ® . . . <g c n ~\ 

V < z < n- 1; 
<5 n (m ® n c° <g . . . <g> c 71 ' 1 ) = m (0 ) <g w c° 2) <g c 1 <g . . . <g c n_1 (gm^^c^; 
a l (m® H c°® ...®c n+1 ) = m® n c° ® . . . ® £ C (c m ) ® ...®c n+1 , 

V < i < n; 

T„(m ® W C° (g) . . . <g C n ) = 771(0) ®« C 1 ® • • • <g C n (g 77Z(_i)C°. 
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To recast the cyclic module (J5.8)) in the form that appears in the statement 
we shall make use of the 'transfer' isomorphism 

^* : C*(H, K\ M) — > C*(H, K\ M) 

whose n-th component is defined by the simple formula 

^ n (m ® K c 1 <g> . . . <g> c n ) = m ® H i <8> c 1 ® . . . <g> c n , (5.9) 

which is obviously consistent. 
We claim that the expression 

$ n (m ® H hP ® c 1 ® . . . ® c n ) = mh° {1) (St S{h° {2) ) ■ (c 1 <g> . . . <g> c n ), (5.10) 

is also well-defined and gives the inverse operator to \l/ n . Note first that the 
right hand side only depends on the class c° = h° G C; indeed, for any g £TC 
and k G fC + , 

mg° {1) k (1) ® K S(k (2) )S(g° {2) ) ■ (c 1 <g> . . . <g> c n ) = 
mg° (1) k {1) S(k {2) ) S(g° {2) ) ■ (c 1 g> . . . <g> c n ) = 

mg° (1) e{k) ® K S{g° {2) ) ■ (c 1 <g> . . . ® c n ) = . 

Let us now check the consistency of the definition ()5.10|) . On replacing the 
elementary tensor h° <E> c 1 <E> • • • <E> c n G C® n+1 in the left hand side by 

h ■ (A ® c 1 <g> . . . <g> c n ) = h^hP <g> hp) ■ (c 1 ® . . . ® c n ) , h eH , 
one obtains in the right hand side 

mh {1) h° {1) ®k S(h° {2) )S(h {2) ) h m ■ (c 1 ® . . . ® c n ) = 

m ®k 5'(^( ) 2))^( /i (2)) • (c 1 ® • • • ® c n ) = 

m h {1) e{h {2) )h° (1) ® K S{h° {2) ) ■ (c 1 g> . . . g> c n ) = 

m /i/ij^ ® K 5(/i° 2) ) • (c 1 ® . . . ® c n ) , 

which correctly corresponds to <& n {mh ®w h° ® c 1 <S> . . . <S> c n ). 
Next, $ n is obviously a left inverse to \I/ n . Conversely, one has 

(* n o$ n )(m® w /i°® ...®/i n ) = m^ 1) ® w i®5(^ 2) )-(/i 1 ®...®/i") 

= m ® w /i^j ® h° (2) S(h° {3) ) ■ (h 1 <g> . . . <g> /i n ) 
= m ® n h {1) e(h° {2) ) ® h 1 ® . . . ® h n 
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To achieve the proof, it remains to notice that defining the face, degeneracy 
and cyclic operators by transport of structure, 

S i = o St o * n , < i < n - 1 ; 

<7i = $ n o cri o * n , < i < n ; 

their expressions are precisely as stated. □ 

Definition 13. The relative H op f cyclic cohomology HC*(Ti.,fC; M) of the 
pairK, C Ji with coefficients in the stable anti-Yetter-Drinfeld module- comodule 
M is the cyclic cohomology of the cyclic module \5. 7\ ). 

Dually, one can define the relative Hopf cyclic homology HC^(7i, /C; M') 
of the pair (T~C, /C) with coefficients in the dual module-comodule M' = 
Hom(M, F) as the cyclic homology of the cyclic module 

C*(W,/C;M') = {C n {H,K,;M') := Eom K (C® n , M')} n > , (5.11) 

obtained by dualizing the cyclic structure of Theorem 

(do^Xc 1 ® ... ®c n_1 ) = y^l^c 1 ®...®...®^ -1 ), 
(diip)^ 1 g> . . . (8) c™ -1 ) = y^c 1 ® • • • ® C(i) ® c J (2) ® . . . ® c n_1 ), 

V 1 <i < n- 1; 
(rf n ^)(c 1 ®...(g)c n ~ 1 )(m) = ^(c 1 ®...®c n " 1 ®m ( _ 1) )(m (0) ); 

(s^)(c x ® ... ®c n+1 ) = ^(c 1 ®...®^ 1 )®...®^ 1 ), 

V < i < n; 

{t n y)(h} ® c 2 ® . . . ® c n )(m) = (5(/iJ 2) ) • (c 2 <g> . . . <g> c n ® m ( _i))) (m(o)^(i))- 



Remark 14. T/ie restriction to K, of the left action of Ji on C = H, ®/c F 
can also be regarded as 'adjoint action 7 , induced by conjugation. 
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Indeed, for k G fC, 

k(i) hS(k(2)) <8>k 1 = k {1) h(g) K e(k {2 ))l = kh(g) K l 



We now specialize the above notions to the Lie algebra case, in order to verify 
that they coincide with the usual definitions of relative Lie algebra homology 
and cohomology. 

Let be a Lie algebra over the field F, let f) C g be a Lie subalgebra, and 
let M be a g-module. We equip M with the trivial g-comodule structure 



M 



A(m) = 1(g) m G H&M, (5.12) 



and note the condition (J5.5)) is then trivially satisfied, while (|5.6|) follows 
from (|5.12|) and the cocommutativity of the universal enveloping algebra 
21(g). The relative Lie algebra homology and cohomology of the pair f) C g 
with coefficients in M, resp. M', are computed from the Chevalley-Eilenberg 
(cf. j2]) complexes 

n 

{C*(g,f);M), M 5}, C n (g,h;M) := M ®„ /\(g/f>) , 

resp. {C*(g,f);M'),d M '}, ^ n (g,f);M') := Hom^/\(g/^), M'j ; 

the action of f) on g/f) is induced by the adjoint representation and the 
differentials are given by the formulae 



n+1 



<J(m®j, Xi A . . . A X n+1 ) = ^(-l) i+1 mX; <g> 6 X x A . . . A X t . . . A X n+1 

i=l 

+ J](-l) i+ %i <8>f, \X~Xj] A Xi A ... A X ... X j ... A X n+1 (5.13) 

n+1 

{d M 'V) (Xi A ... A X n+1 ) = ^(-l) m X • ^(Xx A ... A X ... A X n+1 ) 

i=i 

+ £(-l)* i+ V([*T^] A X x A ... A X ... X, ... A X n+1 ) (5.14) 



where X G g/f) stands for the class modulo f) of X G g and the superscript 
signifies the omission of the indicated variable. 



34 



Theorem 15. There are canonical isomorphisms between the periodic rela- 
tive Hopf cyclic cohomology (resp. homology) of the pair 21(f)) C 21(g), with 
coefficients in any g-module M (resp. its dual M'), and the relative Lie 
algebra homology (resp. cohomology) with coefficients of the pair f) C g : 

#P*(2l(g), 21(f)); M) - HM;M) 

n=* mod 2 

resp. HP,(K(g), 21(f)); M') H n (g, f); M'). 



n=* mod 2 



Proof. The pattern of the proof is exactly the same as in the "absolute" case, 
cf. (HI §7, Prop. 7]. For the convenience of the reader, we shall repeat the 
main steps in order to make sure that they apply in the relative case as well. 

First of all, the Hopf cyclic cohomology HC* (21(g), 21(f)); M) can be com- 
puted from the normalized bi-complex (C* (21(g), 21(f)); M), Mb, mB) where 

71-1 

C' n (2l(g), 21(f)); M) = f| Kera,, Vn > 1, C° (21(g), 21(f)); M) = F; 

i=0 

the operator j^b = J27=o(~ -Q*^» '■ C n ~~ x — ■> C n has the expression 

M b(m ® K c 1 ® . . . ® c n_1 ) = m ® c i ® c 1 O . . . ® . . . ® c n ~ l 



n-l 

+ ^(-l) l m ^c 1 ®...® cj 1} ® c l (2) ® . . . <g> c n ~ :l 

+ (-l^m^c 1 ® ...<8)c n_1 ® i (5.15) 

involving only the coalgebra structure, while mB : C n+l — > (7 n is given by 
the formula 

n 

M B = ^(-l) m Tn o cr.! , where cr_i = a n o r n+1 

i=0 

is the extra degeneracy operator 

er_i(m ®c /i 1 ® c 2 ® . . . ® c n+1 ) = mh l (l) ® K S(h\ 2) ) ■ (c 2 ® . . . <g> c n+1 ). 
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We recall that the antisymmetrization map a n : f\ n (g/t)) — > C (21(g), 21(f)))®"', 
a n (j 1 A...Ai n ) := — ^ sign(<x)X a (i) ® • • • ® X(n), 

has a left inverse 

If : C(2t(g), 21(f))) " - /\(g/0) , A*" o = H , 

which is the unique DGA map whose first-degree component /j, 1 is the canon- 
ical projection of C = C (21(g), 21(f))) ~ S(b)/S(q)S(1)) + onto g/f). 
In view of Remark both maps commute with the adjoint representation, 
and therefore induce well-defined maps 

n 

Ma n :C n (g,f);M)=M®„/\(g/f)) - C n (21(g), 21(f)); M) , 

n 

resp. M /i n :M<8) a(W C^ - M <g)„ /\(g/f)). 
By transposition one also obtains dual maps 

fi n M , :Hom^y\(g/f)),M'j -> Hom 2l ( f ,)(C® n , M') , 

resp. a^:Hom a(6) (C 8n ,M') -> Hom„ ^/\(g/f)), M' 

From (j5.15j) . one sees that m& = Id® 6, where b corresponds to trivial coef- 
ficients. In particular, 

Mb o M a = Id <8>(6 o a) = , 

and likewise, 

Mil o M 6 = Id <g>(/i 06) = . 

Therefore, both 

M « : (C*(fl, f); M), 0) — > p*(2t(g), 21(f)); M), 6) 
and m/x: (C* (21(g), 21(f)); M), 6) — > (C*(g, f); M), 0) 
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are chain maps with mI^ ° M°- — Id- Moreover, as in the case of trivial 
coefficients (cf. jT|, see j23J XVIII. 7] for full details) they induce isomorphism 
between the corresponding cohomology groups. 

On the other hand, for any a G S n+ i one has 
<r-i(m ® K ®...® X CT(n+1) ) = mi ff(1) ® K X ct(2) <g> . . . ® X< n+1 ) 

n+l 

- m ®^ ^ CT(2) ® • • • ® ® • • • ® x CT(n+i) . 

By a routine calculation one then sees that, up to a normalizing factor c n ^ 0, 

M B o M a ~ M a o M <5 . 

Thus, when regarding (C*(fj, h; M), 0, ^5) as a bi-complex with degree +1 
differential and degree —1 differential m$, M a is a bi-chain map, which 
is a quasi-isomorphism with respect to the degree +1 differential. From the 
long exact sequence for (b, B) bi-complexes jS] it follows that mol is also 
quasi-isomorphism for the corresponding total complexes. □ 

Finally, the characteristic map in cyclic cohomology (cf. §4, Ansatz) associ- 
ated an 7i-module algebra A with 7i-invariant trace has a relative version, 
which we describe below, in the framework of [20] • The higher cup products 
defined in [21] should also admit relative counterparts. 

In addition to the datum of §1, we consider an 7i-module algebra A together 
with an Ti-invariant twisted M' -trace <fi on A. By definition, this means that 

G ttom H (A,M') (5.16) 
and 0(am(_!)(6))(m( O )) = 0(6a)(m), a, b G A, m G M. (5.17) 

Examples of such data are provided by actions of Hopf algebras with mod- 
ular pairs (5, a) on algebras admitting 5-invariant cr-traces and they abound 
in 'nature' (cf. [TUl ITTj). Furthermore, the construction of the character- 
istic map associated to such a trace extends to the present situation in a 
straightforward fashion. Indeed, the assignment 

X< p(m ® H h°®...® h n )(a° } ... } a n ) = <p(h\a°)h l (a 1 ) . . . h n (a n ))(m), 

h°,...,h n eH, a , . . . , a n G A, m G M 
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preserves the cyclic structures and therefore defines a map from the 'absolute' 
Hopf cyclic cohomology of 7i with coefficients in M to the cyclic cohomology 
of A. 

Xl ■ HC* (H; M) — ► HC* (A). (5.18) 

The 'relative' version of ()5.18|) arises from the inherited action of the coalge- 
bra C = C(H, K) on the subalgebra of /C-invariant elements 

Ajc = {aeA\ k(a)=e(k)a, VA;G/C}. 

It is defined by a similar formula, 

Xcp,ic( m ®>c c 1 ® c 2 ® . . . ® c n ) = ^(a°c 1 (a 1 ) . . . c n (a n ))(m) , 
a , ...,a n eA Kl c\...,c n eC, meM, 

that again induces at the level of cyclic cohomology the relative characteristic 
map: 

Xl,c : HC*(H, /C; M) — . FC*(^). (5.19) 



6 The Hopf algebra 7Yi and its Hopf-cyclic 
classes 

In this last section we describe in detail the basic Hopf-cyclic cocycles of the 
Hopf algebra TCi, corresponding to the Godbillon-Vey class, to the Schwarzian 
derivative and to the transverse fundamental class, and illustrate the isomor- 
phism (g~I2J). 

We begin by specializing the presentation of the Hopf algebra 7i n (cf. §2, 
Proposition |2J) to the codimension 1 case. As an algebra, Ti\ it coincides with 
the universal enveloping algebra of the Lie algebra with basis {X, Y, 5 n ; n > 
1} and brackets 

[Y, X]=X, [Y, 5 n ] =n5 n , [X, 5 n ] = 5 n+1 , [5 k , 5 e ] = , n, k, £ > 1 , 
where we have used the abbreviated notation 

X — X\ , Y — Y n , Si — 6 n , <5 2 = ^n ; i , £3 = ^u;ii > ^4 = ^u ; iii , • • • • 
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As a Hopf algebra, the coproduct A : Hi — > Hi ® Hi is determined by 

AF = F®1 + 1®F, AX = X ®1 + 1®X + 5 1 ®Y 

A 5x = Si ® 1 + 1 ® <Ji 

and the multiplicativity property 

A^ 1 /i 2 ) = A/i 1 • A/i 2 , h 1 ,h 2 eHi; 
the antipode is determined by 

5(F) = -Y , S(X) = -X + SiY , S(5i) = -Si 
and the anti-isomorphism property 

S{h 1 h 2 ) = S{h 2 )S(h 1 ), h\h 2 eHi; 
finally, the counit is 

e(h) = constant term of h E TCi . 

We next recall the 'standard' actions Hi (cf. §2, Proposition EJ). Given a 
one-dimensional manifold M 1 and a discrete subgroup Y C Diff (M 1 ), TCi 
acts on the crossed product algebra 

A T = c?{Jl{M 1 )) xr, 

by a Hopf action, where J^M 1 ) = F + M l is the oriented 1-jet bundle over 
M . We use the coordinates in J^M 1 ) given by the Taylor expansion, 

j(s) =x + sy^ , y>0, 

and let diffeomorphisms act in the obvious functorial manner on the 1-jets, 

<p(x,y) = 00), <p'(x) -y). 
The canonical action of Hi is then given as follows: 



dx n 



Sn(fK) = y n — (\og ^ (x)) fu;, 
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where we have identified F + M 1 ~ M 1 x M + and denoted by (x, y) the 
coordinates on the latter. 

dx A dy 

The volume form — on F + M 1 ) is invariant under Diff + (M 1 ) and 

gives rise to the following trace r : At — > C, 

[o if^^l. 

This trace is 5-invariant with respect to the action Hi ® At ~~ > an d with 
the modular character 5 G H\ , determined by 

5(F) = 1, <5(X) = 0, 5(5 n ) = 0; 

the invariance property is given by the identity 

T(h(a)) = 8(h)r(a), V he Hi. 



The fact that 

S 2 ^Id, 

is automatically corrected by twisting with 5. Indeed, S = 5 * S satisfies the 
involutive property 

S 2 = Id. (6.1) 

One has 

S(5i) = ~5i , S(Y) = —Y + 1 , S(X) = -X + 5iY . 

Equation shows that the pair (5, 1) given by the character 5 of Hi 

and the group-like element 1 G Hi is a modular pair in involution. Thus 
the Hopf-cyclic cohomology HC*(Hi, 8, 1) is well-defined and, for each pair 
(M x ,r) as above, the assignment 

X r{h} ® . . . ® h n ){a°, ...,a n ) = r(a° h\a l ) . . . h n (a n )) , h* G Hi, a j G A , 
induces a characteristic homomorphism 

X* T : HC*{Hi;6,l) -> ffC*(.Ar). (6.2) 
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Proposition 16. The element 5\ G H.\ is a Hopf cyclic cocycle, which gives 
a nontrivial class 

ft] G HP 1 (Hi, 5,1). 
Proof. Indeed, the fact that 5i is a 1-cocycle is easy to check: 

6(<?i) = 1 <g> <Ji - A<?i + <Ji <g> 1 = , 

while 

The non-triviality of to the periodic class [Si] is a consequence of Proposition 
ITTJ1 below. Alternatively, one can remark that its image under the above 
characteristic map (|6.2|) . x* ([^i]) e -ffC 1 (*4r), is precisely the anabelian 1- 
trace of [BJ (cf. also |7J III. 6. 7]), and the latter is known to give a nontrivial 
class on the transverse frame bundle to codimension 1 foliations. □ 

We shall now describe another Hopf cyclic 1-cocycle, intimately related to 
the classical Schwarzian 

{yx} := — (log^-) --(— flog^lY 

' dx 2 \ dx J 2 \dx \ dx J J ' 

which plays a prominent role in the transverse geometry of modular Hecke 
algebras (cf. 031 

Proposition 17. The element 8' 2 '■= 8 2 — \8\ G TCi is a Hopf cyclic cocycle, 
whose action on the crossed product algebra Ar = '(J^M 1 )) x T is given 
by the Schwarzian derivative 

UfU;) = ylW{y);y}fU;. 

Its class 

[8' 2 ] G HC l {Hi,8,l) 
is equal to B[c], where c is the following Hochschild 2-cocycle: 

c := 8 1 ®X + -8 2 ®Y . 
2 
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Proof. We shall give the detailed computation, in order to illustrate the (b, B) 
bi-complex for Hopf cyclic cohomology. Let us compute 6(c). One has 

b(5 1 <g> X) = 1 <g> S x <S> X - {5 1 <g> 1 + 1 <g> S x ) ® X + 
6i® (X ® 1 + 1® X + 6!®Y) -6i®X ®l = 6i®6 1 ®Y 

Also 

b(5f ®Y) = l®5 2 l ®Y-{5 2 l ®l + 25 1 ®5 1 + l®5 2 l )®Y + 
8\ ® (Y <8) 1 + 1 (8) Y) - 8\ ® Y ® 1 = -25 1 ® 6i ® Y 

This shows that 

6(c) = 0, 

so that c is a Hochschild cocycle. 

Let us now compute B(c). First, we recall that 

Boih 1 ® h 2 ) = Sih^h 2 . 

Since S(5i) = —Si , one then has 

B (c) = -5 1 X + ^5 2 1 Y. 
Since S(Y) = —Y + 1 and S(X) = -X + SiY , it follows that 
S(B c) = S(X)Si + ^S(Y)Sf 

= (-X + SiYfa + ^i-Y+l)** 
= -XSi + SlY + Sl- l -{SlY + Sl) 
= -XSi + \slY + \sl. 

Therefore, 

B(c) = B c - S(B c) = 
-SiX+ l -SlY-{-XSi+ l -SlY+ l -Sl) = 5>. 

which shows that the class of 8' 2 is trivial in the periodic cyclic cohomology 
HP* (Hi, 5, 1). " □ 
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Let us illustrate the isomorphism (J3.12j) by determining the 2-cocycle that 
represents the 'universal' transversal fundamental class in codimension 1. 



Proposition 18. The 2-cochain 

IT : = X®Y -Y ®X - 5i y ®Y € H x ®Hi 

is a cyclic 2-cocycle, whose class [II] 6 HC 2 (TCi] 5, 1) corresponds by T^ to 
the transverse fundamental class. 

Proof. The transverse fundamental class in HC 2 (Ai) is given by the 2- 
co cycle 

(/ fPoidftPoPM 2 ), if <PWi<Po = Id, 

F(f°u; o j 1 u; l J 2 u; 2 ) = \ F+R 

y , otherwise . 

In terms of the standard basis of T*(F + IR), one has 

df 1 = X{f l )y- l dx + Y^y^dy, 

therefore 

ft^/ 1 ) = ft ^(j 1 )) • ft^dx) + ft ■ ftKy- 1 */) 

= (ft(X(/ 1 ))+ 7l (^ )ft(F(/ 1 ))) y" 1 ^ + ft (y(f)) y" 1 ^, 

where, consistently with the abbreviation 5±, 71 = 7^. 

On substituting the above expression of ft^d/ 1 ) together with the similar 

one for ftft(c?/ 2 ) in the formula defining F, after using the cocycle identity 

71(^0) = ft(7i(Vi)) +7i(Vo) , 
one observes that the result is identical to T^(n)(/°C/* o , fU*^ f 2 U* 2 ). □ 

We now proceed to illustrate the isomorphism 

e 

n{ : H i {a 1} C)-^HP m {Hi;S,l) (6.3) 

fe* (2) 
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between the Gelfand-Fuks cohomology of the Lie algebra of formal vector 
fields on R 1 and the periodic Hopf-cyclic cohomology of (Hi, 5, 1). 
We recall (cf. [T6*l 117j) that the cohomology if*(ai,R) is finite dimensional 
and the only nontrivial groups are: 



where 



gv(p 1 d x ,p 2 d x ,p 3 d x 



and H 3 (a!,R) = R-gv. 
Pi(0) P2(0) p 3 (0) 

K(o) ^(o) p' 3 (o) 
K(o) rf(o) rf(o) 



The class of the unit constant [1] G HC°(H\; 1) is trivial in HP°(H\, 5, 1) 
since -B(V) = 1 . On the other hand, 



(6.4) 



which thus gives the generator of HP (Hi, 5,1). Formula (|6.4|) is easy to 
check using Proposition and applying the definition of k\, cf. |Hj or [T2] . 
in the case of 0-dimensional Lie algebra cochains. 

On the other hand, the evaluation of k\ on the the Godbillon-Vey class 
requires some calculations, whose details will be given below, after we recall 
the original definition of this class. 

Let V be a closed, smooth manifold, foliated by a transversely oriented codi- 
mension 1 foliation T . Then TT = Keru; C TV, for some u G f2 x (V) such 
that u /\du = 0. Equivalently, du = ooAa for some a G f^fV), which implies 
da A oj = 0. In turn, the latter ensures that da = u A [3, (3 G Q}(V). Thus, 
a Ada £ Q 3 (T^) is closed. Its de Rham cohomology class, 

GV(V, J) = [qA da] G H 3 (V, R) , 

is independent of the choices of u; and a and represents the original definition 
of the Godbillon-Vey class. 

The Godbillon-Vey class acquires a universal status when viewed as a char- 
acteristic class (cf. [21]) associated to the Gelfand-Fuks cohomology of the 
Lie algebra cii = R [[x\] d x of formal vector fields on R. 
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Given any oriented 1-dimensional manifold M 1 , the Lie algebra cocycle gv 
can be converted into a 3-form on the jet bundle (of orientation preserving 
jets) 

JTjM 1 ) — lim J'ljM 1 ) , 



invariant under the pseudogroup Q + (M 1 ) of all orientation preserving local 
diffeomorphisms of M 1 . Indeed, sending the formal vector field 



P = Jo°° 



dht 
~dt 



e ai , 



t=os 



where {h t } is a 1-parameter family of local diffeomorphisms of M preserving 
the origin, to the ^ + (M 1 )-invariant vector field 



Jo 



d(f o h t 



dt 



t=0/ 



gives a natural identification of the Lie algebra complex of di with the in- 
variant forms on the jet bundle, 

9 e C # (oi) 9 e ^(^(M 1 ))^^ 1 ) . 

In local coordinates on ^(M 1 ), given by the coefficients of the Taylor ex- 
pansion at 0, 



f(s) = x + sy + s yi + 



y>o, 



one has 



therefore 



dx = y9° 
dy = y9 1 + 2y 1 9° 
dy x = y 9 2 + 2y 1 9 1 + 3y 2 9°, 



!jr = 9° A 9 1 A 9 2 = \dxAdyA d Vl G Q 3 ( J™ (M 1 )) *^ . 



Given a codimension 1 foliation (V, T) as above, one can find an open covering 
{Ui} of V and submersions fa : C/j — > T { C K, whose fibers are plaques of J 7 , 
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such that fi = gijofj on UiflUj, with G Q + (M 1 ) a 1-cocycle. Then M 1 = 
Ui^i x W is a complete transversal. Let J 00 (J 7 ) denote the bundle over V 
whose fiber at x G Ui consists of the oo-jets of local submersions of the form 
cpofi with if e g + (M r ). Using the ^ + (M 1 )-invariance of gv G fi 3 (J°°(M 1 )) 
one can pull it back to a closed form gv(J-) G f2 3 ( J 2 (.F)). Its de Rham class 
[gv{F)\ G # 3 (J 2 (.F),M), when viewed as a class in H 3 (V,R) (the fibers of 
J 2 T being contractible), is precisely the Godbillon-Vey class GV(V, T). 

Proposition 19. The canonical cochain map associated to the trivial con- 
nection on F + 'R sends the universal Godbillon-Vey cocycle gv to the Hopf 
cyclic cocycle b~\ , implementing the identity 



Proof. The definition of n\ involves two steps (see [H], ^2] )• The first turns 
the Lie algebra cocycle gv G C 2 (ai,M), or equivalently, the form on the jet 
bundle J 2 (M) 



into a group 1-cocycle Ci t o(gv) on Qi = Diff + (R) with values in currents 
on • The second step takes its image in the cyclic bi-complex under 

the canonical map $. One thus obtains a cyclic cocycle 



which is automatically supported at the identity, i.e. it is nonzero only when 
(fitpo = 1- Moreover, it is of the form 



= Pi]- 



gv = — dx A dy A dyi , 



($(Ci,o (gv)))(f°u* j'u*) 



(^(c 1>0 (gv)))(f°u;j 1 u;- 1 ) 



Applying the definition given in jT2], one gets 




where A 



is the 1-simplex and 



a(l,cp) : A 1 x jJ(R) -> J™(R) 
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has the expression 

a(l,<p)(t,x,y) = <T(i-t)v 0+t vg(x,y), 
where the meaning of the notation used is as follows. 

First, Vo stands for the trivial linear connection on R, given by the connec- 
tion form on 

lu = V' 1 dy , 

while Vq denotes its transform under the prolongation 

of the diffeomorphism <p e Q\ ; the latter corresponds to the connection form 

¥*M = yr\ (<p'(x)dy + ip"(x) -ydx) = y' 1 dy + -^-(log <p'(x)) dx . 
(p'(x)y ax 

Furthermore, for any linear connection V on R, o" V denotes the jet 

a v (x,y)=j™(Y(s)) 

of the local diffeomorphism 



s e 



Now Y(s) satisfies the geodesies ODE 

Y(s) + Tl 1 (Y(s)).Y(sf = 0, 
Y(0) =x, 
Y(0)=y. 

Since we only need the 2-jet of the exponential map, suffices to retain that 
Y(0)=x, Y(0)=y and Y(0) = -T\ .(x) y 2 . 

Thus, 

<j\r(x,y) = x + ys — T\ l (x)y 2 s 2 + higher order terms . 
In our case V = (1 — £)Vo + £Vq , which gives 

rii(M) = tj-{\o gv \x)), 
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and therefore 

a(l,(p)(t,x,y) = x + ys — t -^-(logip'(x)) y 2 s 2 + higher order terms . 

ax 

It follows that 

a(l,ip)*(dx) = dx , a(l,ip)*(dy) = dy 

and 

5(1, </?)*(« = " (J^(log<p'(x))dt + t± (^(log dx^j y 2 



2t-^Qog(p\x))ydy. 



Hence on A 1 x F + R, 



a(l,(p)*(gv) = —— -^-(log <p'(x)) dt Adx Ady . 

Going back to the definition of the group cochain, one gets 

f f ^~ 1 d 

(C h0 (gv)(l,(p),f) = - f{x,y)- dt ■ - —(log(p'(x))dx A dy 

Jf+r Jo V ax 



dx A dy 



y 2 



which finally gives 



f°-nn-{y^og<p'(x)^ dxAdy 



F+R 



dx J y 



,2 



□ 
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